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TURBULENT BOUNDARY LAYER 
ON SIMPLE SHAPES 1 

By Edward J. Hopkins, Morris W. Rubesin, Mamoru Inouye, 
Earl R. Keener, George C. Mateer, and Thomas E. Polek 

Ames Research Center 


SUMMARY 


Local skin-friction and heat-transfer data were directly measured in air 
for turbulent boundary layers on flat plates, cones, and a wind-tunnel wall. 

The Mach number at the edge of the boundary layer ranged between 5 and 7.4 and 
the wall to adiabatic wall temperature ratio varied between 0.1 and 0.6. 

The skin-friction and heat- transfer data are compared with other data 
obtained by direct measurement of surface shear with balances and accompanied 
by boundary- layer surveys. The use of momentum- thickness Reynolds number in 
the skin- friction comparison avoids the need for arbitrary location of the 
virtual origin of the turbulent boundary layer. A boundary- layer energy thick- 
ness obtained from integration of the heat-flux distribution up to a test sta- 
tion proved useful in correlating the local heat flux at that station in a 
manner analogous to the use of momentum thickness. 

Adiabatic and cold wall data are employed to assess four theories for 
predicting turbulent skin friction. The theories examined are those of Sommer 
and Short, Spalding and Chi, Van Driest II, and Coles. 

Analysis of the skin- friction data indicates that the theory of either 
Van Driest II or Coles gives the best predictions for wall to adiabatic wall 
temperature ratios above 0.3, generally within about ±10 percent of the mea- 
sured values. Although Coles 1 theory gives results generally comparable to 
those of the Van Driest II theory, at high Reynolds numbers it underpredicts 
the results by more than 10 percent. At Mach numbers near 6 and above, 
theories of Sommer and Short or Spalding and Chi generally underpredict the 
measured skin friction by 20 to 30 percent. At wall to adiabatic wall tempera- 
ture ratios below 0.3, none of the theories give the proper trend with wall to 
adiabatic wall temperature ratio. 

The heat-transfer analysis for nonadiabatic conditions generally substan- 
tiates the skin- friction analysis, favoring the theory of either Van Driest II 
or Coles, provided the Reynolds analogy factor of 1.0 (containing an assumed 
recovery factor of 0.9) measured in the present investigation is employed. 

Presented at the n Symposium on Compressible Turbulent Boundary Layers,’* 
Langley Research Center, December 10-11, 1968. 



INTRODUCTION 


Accurate knowledge of skin friction and heat transfer is required to 
predict the performance and structural requirements of supersonic and hyper- 
sonic aircraft. Generally, calculations are relied upon to provide estimates 
of either wind-tunnel or flight values of skin friction since it is impracti- 
cal to measure these values over the entire configuration. Similarly, the 
thermal design of airplane structures and the selection of material depend 
largely on predictions of the incoming convective heat flux over the various 
surface elements. Supersonic and hypersonic aircraft will operate with skin 
temperatures near the radiative equilibrium temperature, where the incoming 
convection is balanced by radiation to the surroundings. At supersonic speeds 
(M ^ 3), the radiation equilibrium temperature is almost equal to the adia- 
batic wall temperature. At hypersonic speeds (M ^ 7), however, the external 
surfaces will generally have wall to adiabatic wall temperature ratios between 
0.3 and 0.5 as a result of considerable radiative cooling and internal heat 
transfer. 

Previous evaluations of turbulent skin-friction theories may have 
questionable accuracy at hypersonic Mach numbers for lack of many direct mea- 
surements by skin-friction balances. These evaluations include numerous indi- 
rect measurements from (1) heat transfer with an assumed Reynolds analogy 
factor, (2) rate of change of momentum thickness with longitudinal distance, 

(3) velocity gradient at the surface, or (4) velocity profile. Examples of 
such evaluations are those of Spalding and Chi (ref. 1), Hopkins and Keener 
(ref. 2) and Peterson (ref. 3). Spalding and Chi examined 20 theories and 
showed that the theories of Van Driest II (ref. 4) and Sommer and Short 
(ref. 5) gave root-mean-square deviations of about 11 and 14 percent respec- 
tively compared with 10 percent for their semi-empirical theory. Independent 
studies of references 2 and 3 indicate that for the adiabatic-wall case the 
theories of Van Driest II and Sommer and Short bracket nearly all the experi- 
mental results. For the non- adiabatic wall case, Peterson's analysis also 
favors Sommer and Short's theory up to a Mach number of 6. Miles and Kim 
(ref. 6) show that Coles' theory, not considered in the other analyses, is 
competitive with Spalding and Chi's theory for the nonadiabatic wall case. 

Heat-transfer data for flat plates are compared by Bertram et al . (refs. 

8 and 9) with theoretical values derived from skin-friction theory through an 
extension to compressible flow of the von Kdrman form of the Reynolds analogy 
factor. Bertram's analysis and later results of Cary (ref. 10) suggest best 
agreement with the prediction method of Spalding and Chi. 

Recently, a skin- friction balance became available that can be used on 
models in hypersonic facilities with elevated stagnation temperatures. How- 
ever, preliminary skin-friction measurements at Mach number 6.5 were not in 
accord with the cited heat-transfer results in indicating the best theory for 
predictions. Consequently, the present investigation was undertaken to obtain 
both heat- transfer measurements on flat plates and cones and skin-friction mea- 
surements on flat plates and a wind-tunnel wall, all surfaces being nonadia- 
batic. This investigation was conducted in the Ames 3.5-Foot Hypersonic Wind 
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Tunnel at Mach numbers between 5 and 7.5. Skin friction and heat transfer 
were measured simultaneously at one of the longitudinal stations on a flat 
plate to determine the Reynolds analogy factor. The results were then 
employed to reevaluate the theories of Sommer and Short (ref. 5), Spalding and 
Chi (ref. 1), Van Driest II (ref. 4), and Coles (ref. 7). 


NOTATION 


local skin-friction coefficient, _L 

^e 


2 0 

Cp average skin-friction coefficient, — for a flat plate 


local Stanton number. 


Qw 


H 

M 

P 

Pr 

q 

Aw 

r 

R e,x 


Pe U e (H w - H aw) 

transformation function for CpCCp = F c c f) j reference 1 

total enthalpy 
Mach number 
pressure 
Prandtl number 
dynamic pressure 

rate of heat transfer from the surface per unit area 

local-cone radius, wind-tunnel radius, or temperature recovery factor 

Reynolds number based on distance to virtual origin of turbulent flow, 
P e U e x 


R e p Reynolds number based on energy thickness. 


p u r 
e e 


R e q Reynolds number based on momentum thickness. 


p U 0 
K e e 
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T 

U 

x 

X L 

X T 

y 

a 

r 

6 

e 


y 

p 


( ) 


aw 

e 

exp 


distance along surface from cone apex or flat-plate leading edge 

absolute temperature 

velocity 

distance along surface from either leading edge or virtual origin 

distance along surface from leading edge to peak Stanton number 
location 

distance along surface from virtual origin of turbulent flow to peak 
Stanton number location 

distance normal to surface 

angle of attack 


energy thickness 


PU 

p u e 

0 e e 


H - H e 


dy, also see equation (6) 


boundary- layer thickness 




for flat plates or 


for circular wind-tunnel walls 


coefficient of viscosity 
mass density 
shear stress 

variable transformed to equivalent constant property case 

Subscripts 


4 


adiabatic wall 
boundary- layer edge 
experimental 



i incompressible 

1 local station 

L laminar 

max maximum 

t total 

T turbulent 

the theoretical 
w wall 

Superscript 

e index fe = 0 for flat plate and e = 1 for cone) 

APPARATUS AND TEST 


Wind Tunnel 

The experimental investigation was conducted in air in the Ames 3.5-Foot 
Hypersonic Wind Tunnel. This facility is a "blow-down" type wind tunnel in 
which the air is heated by a hot pebble bed to temperatures ranging from 
about 1000° to 2100° R. The throat and nozzle walls are cooled by helium 
injection ahead of the throat, the helium remaining within the wind-tunnel 
boundary layer as confirmed by surveys. The Mach number 5.4 and 7.4 con- 
toured nozzles were used, and the stagnation pressure was varied from about 7 
to 120 atmospheres. The present tests used both a quick-insert mechanism and 
a fixed-support system for holding models. 


Models and Instrumentation 

Flat plates .- Two flat plates, 18 inches wide by 47 inches long, were 
tested. The leading edge of each plate was 0.004 inch thick and was unswept. 
Both flat plates were used to obtain skin friction and momentum thickness at 
a station 39 inches from the leading edge under nearly isothermal wall condi- 
tions. The first flat plate was sting supported with the test surface at an 
angle of 3° windward to the airstream. Both pitot-pressure and total- 
temperature boundary- layer profiles were obtained at the skin-friction test 
station. The second flat plate was mounted on the injection mechanism to 
obtain heat- transfer distributions on the surface. Thin-skin heat-transfer 
gages were installed in the heavy-walled steel plate along the centerline and 
also off center at several locations. Pitot-pressure profiles and skin fric- 
tion were measured at the station 39 inches from the leading edge. This plate 
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was tested at angles of 0° and 3.1° windward to the airstream. Cross flow was 
minimized by fences 1 inch high at the trailing edge and tapering to zero at 
the leading edge. 

Cones . - The conical heat-transfer models had half-angles of 5° and 15° 
and surface lengths of approximately 28 and 20 inches, respectively. These 
models were of thin-walled (0.033 in.) electroformed nickel and instrumented 
with thermocouples spot-welded to the interior surface. The 5° cone had a 
single row of 22 thermocouples spaced at 1-inch intervals along one conical 
ray. Tip radii were 0.005 and 0.0025 inch for the 5° and 15° models, 
respectively. 

The wall-to-recovery-temperature ratio was varied by changing both the 
total temperature and the wall temperature. The preinjection value of the 
wall temperature was either the ambient value or 160° R. The latter value was 
obtained by externally cooling the model with liquid nitrogen before the model 
was injected into the airstream. 

Test-section wall.- Skin-friction measurements and surveys of pitot pres- 
sure and total temperature were made on the test-section wall in the region of 
zero axial pressure gradient 27.5 feet from the nozzle throat and 8.5 feet 
behind the beginning of the test section. The local Mach number was 7.4 at 
the edge of the 8-inch-thick boundary layer. Normally, helium is injected 
ahead of the throat to cool the throat and the nozzle walls. During this 
test, however, the helium was shut off for periods up to 30 seconds while data 
were obtained with an air boundary layer. Five triple-shielded thermocouple 
total -temperature probes were used to survey the boundary layer at heights 
from 1 to 14 inches from the wall. 

Skin-fric tion balance.- The skin friction was directly measured with 
floating-element balances manufactured by the Kistler Instrument Corporation. 
Four different balances were used, one at a time. The first measurement was 
made on the sting-mounted stationary flat plate with a balance having a 
0.370-inch element diameter. Two balances, each 0.500 inch in diameter, were 
used consecutively with the injected flat plate. A fourth balance, 0.500 inch 
in diameter and contoured to fit the curved surface of the wind tunnel, was 
used in the test-section wall. The statically balanced elements of each bal- 
ance were self-nulling to the center position with a perimetrical gap of 
0.003 inch. The current required to produce the nulling force was calibrated 
against known weights. Electrical components were maintained at temperatures 
below 200° F by a water jacket. A test coil in the gage was used to simulate 
an external friction force and to check the calibration between each test run. 


DATA REDUCTION 


Flat Plates and Cones 

Local flow conditions were calculated from the measured free-stream 
conditions for a two-dimensional wedge and a cone. Compressible flow rela- 
tions were used in the calculations, including corrections for real gas 
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effects for calorically imperfect, thermally perfect air. Momentum thick- 
nesses of the boundary layers on the flat plates were calculated from both the 
pitot-pressure profiles and an assumed Crocco linear total-temperature distri- 
bution with velocity (Pr = 1), which was found to agree with the measured 
total-temperature distributions. Energy thicknesses were obtained by integra- 
tion of the measured heat-transfer rate along the plate. Viscosity was 
calculated by Keyes 1 equation. 2 

Test-section-wall data reduction was similar to that for the flat plates, 
except that the measured total-temperature profile was used in the 
calculations . 


ACCURACY 


The estimated probable uncertainties of the pertinent recorded and 
calculated quantities are as follows: 


Free-stream p t 
Free-stream T t 
Free-stream flow angle 
Local flow angle 

T w 

T w 

Pe 

M e 

^e 

p e u e /p e 

R e,e or R e ,r 

Pitot-probe pressure 

Boundary- layer total temperature 

y 

0 or r 


±1 percent 
±50° R 
± 0 . 2 ° 

±0.3° 

±5 percent 
±10° R 
±5 percent 
±0.17 

±2 percent 
±7 percent 
±8 percent 

±2 percent 
±50° R 
±0.005 in. 
±5 percent 
±5 percent 


DISCUSSION OF RESULTS 


Skin Friction 

The skin-friction data obtained in these tests at cold-wall conditions 
are summarized in tables I and II. The flat-plate data were obtained with 
and without boundary- layer trips. Because the data are in the form Cf(R e 
there is no need to define a virtual origin of turbulent boundary- layer flow 
in the analysis of the data. 

2 See note in Journal of Spacecraft and Rockets, vol. 4, no. 2, Feb. 1967, 
pp. 287-288 by Mitchel H. Bertram entitled "Comment on 'Viscosity of Air 1 ." 
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An evaluation of the representative theories 3 of Sommer and Short 
(ref. 5), Spalding and Chi (ref. 1), Van Driest II (ref. 4), and Coles (ref. 7) 
for local turbulent skin friction is made by comparing the difference between 
experimental and theoretical skin friction for specified free-stream condi- 
tions and surface temperature. Most of the data was taken in the moderate 
Reynolds number range, 3xl0 3 < R e q < 30xl0 3 . Data taken at higher Reynolds 

numbers will be marked by high flags, data at lower Reynolds numbers by low 
flags. Adiabatic and nonadiabatic data are treated separately to discern the 
effects of Mach number and wall temperature independently. In addition, non- 
adiabatic wind-tunnel-wall data are treated separately from flat-plate data 
for reasons to be discussed. 

Adiabatic wall .- Only existing skin-friction data for which both Cf and 
R e q were directly measured in an airstream were chosen for the comparisons 4 
presented in figure 1. Some of these adiabatic-wall data were taken in the 
constant-pressure regions on wind-tunnel walls instead of flat plates; how- 
ever, contrary to the nonadiabatic data, the wall data are not believed to 
limit the evaluation because the momentum-thickness Reynolds number is rela- 
tively unaffected by differences in temperature distribution (ref. 11). The 
data are from references 2 and 12 through 19. 

Comparisons presented in figure 1 indicate that at Mach numbers below 4 
all the theories give about the same prediction for the data obtained at low 
and moderate Reynolds numbers (R e ^e < 30xl0 3 ) . At high Reynolds numbers 

(R e q > 30xl0 3 ), however, Coles' theory tends to underpredict the experimental 
results by 10 to 15 percent. This Reynolds number effect in Coles' theory is 
related to the Reynolds number dependence of the temperature computed from the 
substructure hypothesis. As the Mach number is increased above 4, there is a 
tendency for the theories of Spalding and Chi and Sommer and Short to under- 
predict the data, reaching underpredictions of 20 and 30 percent, respec- 
tively, for Korkegi's data (ref. 19) near Mach number 6. Theories of Van 
Driest II and Coles predict the data within about 8 percent at the higher Mach 
numbers . 

Nonadiabatic wall_ - flat plates.- Only skin-friction data for which C^ 
was directly measured on flat plates or circular cylinders (representative of 
flat plates) at Mach numbers between 5.6 and 7.4 were used in the comparisons 
presented in figure 2. The dashed lines represent fairings through the data, 
which include the unpublished data from Ames Research Center and the data from 
references 5 and 19 through 21. Sommer and Short (ref. 5) obtained their data 
from hollow circular cylinder models fired down a ballistic range. The local 
skin friction was calculated from the average skin friction of reference 5 by 

3 The transformed values of measured R 0 e as given by each theory were 

used in the incompressible Kdrmdn-Schoenherr equation of Cf as a function of 

R (ref. 2) to calculate the theoretical values of Cf. For Van Driest 's 
e , o 

theory, a temperature recovery factor of 0.9 was assumed in a manner similar 
to Spalding-Chi (ref. 1). 

4 Each symbol in figure 1 stands for a representative average of several 
data points taken over a limited Reynolds number range at the particular Mach 
number of a given experiment. 
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assuming that Cf/Cf i =* Cp/Cp ^ . The analysis of Ames and Korkegi's data was 
based on the measured momentum-thickness Reynolds number; therefore, it was 
not necessary to derive a virtual origin of turbulent flow for these data. 
Examination of the Ames data indicates that any effect of boundary- layer trips 
on C.p(R e q) was within the experimental accuracy (compare the open circles 
with the solid circles). In addition, the results from the injected model 
(flagged solid symbols) agree with those for the stationary model (solid 
symbols) . 

The effect of two different choices for virtual origin of turbulent flow 
is also shown in figure 2. Theoretical local skin-friction coefficients for 
the data of Wallace and McLaughlin (ref. 21) and of Neal (ref. 20), for which 
the momentum-thickness Reynolds number was not measured, were calculated for 
Reynolds numbers obtained by two current methods for determining the virtual 
origin of turbulent flow. In the first method, the virtual origin was taken 
to be located at the position of maximum Stanton number (dashed symbols) . In 
the second method, the virtual origin was derived by assuming that the momen- 
tum thickness for turbulent and laminar flow at the end of transition is equal 
( x t) (C p T ) = ( x p) (Cp p) , for which x^ was taken at the point where the 

Stanton number was maximum (regular symbols). Results from this latter method 
for Neal’s data appear to be in better agreement with the Ames data. 

For T w /T aw > 0.3, the theories of Van Driest II and Coles predict the 
skin friction within about 10 percent, whereas theories of Spalding and Chi 
and Sommer and Short underpredict the skin friction by 20 to 30 percent. At 
the lower temperature ratios, none of the. theories predict the experimental 
variation of skin friction with wall to adiabatic wall temperature ratio. 

Nonadiabatic wall - tunnel walls .- Measurements of nonadiabatic skin 
friction on wind-tunnel walls are treated separately because of the signifi- 
cant difference in measured temperature distributions presented in figure 3. 
For the flat plate, the Crocco linear temperature distribution (Pr = 1.0) as a 
function of velocity ratio represents the data, but for the tunnel side wall, 
the results lie closer to a quadratic temperature distribution. A similar 
difference between the temperature distributions on free-flight models and on 
a nozzle wall was noticed previously by Seiff and Short (ref. 22) . They sug- 
gested that the history of the rapid expansion in the nozzle to high Mach num- 
bers results in a boundary layer that is not in equilibrium with the local 
edge conditions. 

The wind-tunnel-wall skin-friction data for dp/dx - 0 are compared with 
predicted values based on flat-plate theory in figure 4. Note that the 
theories of Spalding and Chi, Van Driest II, and Coles are based on the Crocco 
linear temperature distribution; however, the data reflect the side-wall 
boundary- layer temperature distributions indicated in figure 3. In general, 
figure 4 shows that the theories of Sommer and Short, Spalding and Chi, and 
Van Driest II give about the same ratios of (Cf) eX p/ ( C f)the at T w/ T aw ~ °- 4 
on the wind-tunnel wall as on the flat plates (dashed lines). Coles' theory 
predicts these ratios from 20 to 30 percent below the data at T w /T aw > 0.3 
(similar to the high Reynolds number data in fig. 1), which further indicates 
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that Coles' theory might be inherently incorrect at the higher Reynolds num- 
bers. Wallace's data from two separate tests appear to be self-consistent 
within about ±10 percent and generally agree with the Ames data at 
T w /T aw ~ 0-^- ^ is interesting that a flat-plate theory (in this case, Van 

Driest II) correlates the wall data at T w /T aw > 0.3. 


Heat Transfer 

The analysis of the heat-transfer data parallels that for skin friction 
where it was found that expressing the data as 

C f = f (R e ,0» M e , T w /T aw ) (1) 

was useful in eliminating an arbitrarily assigned origin for the turbulent 
boundary layer. The local skin-friction coefficient is related to the momen- 
tum thickness and length Reynolds numbers by the momentum-integral equation 


Cf T w ^^e,0 ^e,0 dr e 

p e u e 2 ' 31^7* ~ dR e>s 

where e = 0 for a flat plate, e = 1 for a cone, and the momentum thickness 
is defined as 


0 


-f 6 _pU_ 

= j 0 p e u e 



(3) 


The results of boundary- layer pitot and total temperature surveys were intro- 
duced into equation (3) to evaluate the momentum thickness in the skin- 
friction analysis. 


In an analogous manner, the local Stanton number is related to the 
energy thickness and length Reynolds numbers by the energy-integral equation 
(H w = const) 


„ [»« - H aw\ 

H VTT/ 

where the energy thickness 

r 


Qw 

p U (H - H ) 
K e e w e 


is defined as 


pU 


H - 


p U \H W - 


e e 


dR 


e,T 


dR 


e,s 



+ 



£ 


r 


dr £ 

^^e,s 


(4) 


( 5 ) 


Instead of boundary- layer surveys, the local heat-flux distribution was 
employed to evaluate T from 
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1 q (s)r e (s)ds 

w (61 

p U (H - HJrf 1 J 

e e w e J i 

which results from the integration of equation (4) . In the evaluation of 
equation (6) , the boundary layer ahead of the first thermocouple station was 
assumed laminar with q w ~ s“ 1/2 . In a few tests in which both boundary- layer 
surveys and heat-flux distributions were obtained, it was found that F from 
equations (5) and (6) agreed within 7 percent. 

Prediction of turbulent-boundary- layer heat transfer from skin-friction 
theories, c f( R e 0 ), requires the assumption of a Reynolds analogy factor and 

a recovery factor. Choices for these factors are based either on extensions 
of the now classic constant-property theories or on past experimental results. 
If these quantities are uniform along the surface, and Cf/2, and R e r and 

R q a are related as follows: 
e , a 

(Ch) the = (ci/2 )(~r) the 


K e,r 

6 ’ 9 / c h \ / H w H aw \ 

V Cf/2; V H w - H e j 

where C^/(C^/2) is the Reynolds analogy factor, and r, the recovery factor, 
is introduced into the adiabatic wall enthalpy 



H aw = H e - (1 - r) -S- 

Typical variations of with R e ,r f° r a 5° cone and a flat plate with 

nearly the same conditions of M e and T w /T aw are shown in figure 5. A 
recovery factor of 0.85 was used for laminar flow and 0.9 for turbulent flow, 
with a linear interpolation in the transition region. Although the transition 
location differs for the two shapes, the Stanton number for the fully turbu- 
lent flow is essentially the same for a given value of R e ,r* 

The heat-transfer results are presented in figure 6 in a form analogous 
to the skin friction (see fig. 2(b)). Shown are recent Ames data for 
5 < M e < 7.4 obtained on two cones with a wall-temperature-ratio range of 

0.11 < T w /T aw < 0.6 and on a flat plate with T w /T a w - 0.3. To relate the 
heat-transfer results to the skin-friction theories, either as 
^w^exp/^wThe or ( C h)exp/ ^ C hThe’ is necessary to assume values for the 
recovery and Reynolds analogy factors. For figure 6, the values assumed are 
r = 0.9 and C^/(Cf/2) = 1.16, which are characteristic of supersonic flow and 
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moderate cooling rates. From these results, it would be concluded that the 
Spalding and Chi theory agrees best with the experimental results. This con- 
clusion, however, is inconsistent with the findings of the skin-friction data, 
where the Van Driest II and Coles theories are favored. Thus, the skin- 
friction and heat-transfer experiments lead to different conclusions regarding 
the accuracy of prediction theories, at least when the usually accepted values 
of r = 0.9 and Cft/(Cf/2) = 1.16 are used. 

To reconcile the dichotomy between the skin-friction and heat-transfer 
results, a short series of tests was conducted in which simultaneous measure- 
ments were made of local heat flux and skin friction on a flat plate with 
T w /T aw - 0.3. It was found that the heat flux shear ratio, q w d e /[x w (H w - H e )], 

varied between 0.84 and 0.94, depending on the Reynolds number, whereas, at 
this wall temperature, the ratio calculated for r = 0.9 and C^/CC^/2) = 1.16 
is 1.02. Furthermore, substituting Pr = 0.72 and Pr T = 1.0 into the von 
Kdrm£n Reynolds analogy factor and the corresponding recovery factor expres- 
sion by Van Driest resulted in a heat flux shear ratio of 1.06 over the 
Reynolds number range of the tests. Thus, for the conditions of these tests, 
there is about a 10 to 20 percent reduction in heat transfer relative to skin 
friction from values expected from past experiments and theory. The data are 
too limited to permit evaluating the Reynolds analogy and recovery factors 
individually from the measured heat flux shear ratios. Therefore, it is 
necessary to rely on theory or a hypothesis to distinguish the effects of 
each factor. The von Kdrmdn Reynolds analogy and Van Driest recovery factor 
expressions can be forced to agree with the heat flux shear ratio data by 
imposing a turbulent Prandtl number of 0.7 and arriving at r = 0.7 and 
Ch/(Cf/2) - 1.4. Alternatively, as shown in figure 7, the hypothesis that the 

recovery factor remains equal to 0.9 requires that C^/(Cf/2) « 1.0, which is 

15 to 20 percent lower than the value usually employed. This is illustrated 
by the dashed line, which represents the von Kdrmdn Reynolds analogy factor 
(Pr ^ 0.725, = 1.0) extended to compressible flows (ref. 8). 

To test the surface temperature range where the preceding values of r 
and C^/ (Cf/ 2) remain valid, the data cited in figure 8(a) were analyzed with 
r = 0.7, C^/(C f /2) = 1.4 and with r = 0.9, C^/(C f /2) =1. It was found that 

the latter set of values caused the heat-transfer data (open symbols) to be 
more consistent with the skin-friction data (solid symbols) over the entire 
wall-temperature range shown in figure 8(b). With r = 0.9 and C^/(Cf/2) = 1, 

the theories of Van Driest II and Coles predict the heat flux to within 
±10 percent at T w > 0.3T aw . The Spalding and Chi method generally under- 
predicted the heat-transfer data by 20 percent over the entire wall- 
temperature range. 


CONCLUDING REMARKS 


The turbulent boundary- layer skin-friction theories of Sommer and Short, 
Spalding and Chi, Van Driest II, and Coles have been evaluated on the basis 
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of directly measured skin friction on flat plates and wind-tunnel side walls. 
The use of momentum-thickness Reynolds number in the skin-friction comparisons 
avoids the need for arbitrarily locating the virtual origin of the turbulent 
boundary layer. At Mach numbers below 4, all the theories agree well with 
adiabatic wall data. On flat plates, at Mach numbers between 5.5 and 7.5 and 
wall to adiabatic wall temperature ratios down to 0.3, theories of Van 
Driest II and Coles give the best skin-friction predictions. For these temper- 
atures, the theories of Sommer and Short or Spalding and Chi underpredict the 
skin friction by 20 to 30 percent. At lower wall temperatures, none of the 
theories gives the proper effect of wall -temperature level on the skin fric- 
tion; however, the amount of data available is quite limited. 

For the fully turbulent portions of the boundary layer on a wind-tunnel 
side wall at reduced temperatures, measured total temperature distributions 
were more nearly quadratic than linear with velocity as is characteristic of 
boundary layers on flat plates. This reflects the growth of the boundary 
layer in a favorable pressure gradient upstream of the test station. Even 
with these effects, when the measured profiles are used to evaluate the local 
momentum- thickness Reynolds number, values of Cf(R e q) on the side wall agree 
fairly well with the Van Driest II flat-plate theory. 

The above theories have also been evaluated on the basis of heat-transfer 
measurements on cones and flat plates with boundary-layer-edge Mach numbers 
between 5 and 7.5 and wall to adiabatic wall temperature ratios between 0.1 
and 0.6. A boundary- layer energy thickness obtained from integration of the 
heat-flux distribution up to a test station proved useful in correlating the 
local heat flux at that station, in a manner analogous to the use of momentum 
thickness. The theory of Spalding and Chi was in best agreement with the data, 
provided values of recovery factor equal to 0.9 and Reynolds analogy factor 
equal to 1.16 were used. Simultaneous measurements of heat transfer and skin 
friction on a flat plate at a single temperature (T w /T aw = 0.3) yielded heat 
flux shear ratios about 10 to 20 percent lower than the usually predicted 
values, the Reynolds analogy factor being unity if the recovery factor is 
assumed to remain constant at 0.9. Use of these values in the heat-transfer 
predictions at wall-temperature ratios between 0.2 and 0.8 produced results 
consistent with the skin-friction data. For wall to adiabatic wall temper- 
ature ratios greater than 0.3, the theories of Van Driest II and Coles pre- 
dicted the heat-transf er data within ±10 percent. The theory of Spalding and 
Chi generally underpredicted the heat-transfer data by 20 percent over the 
complete wall-temperature range. 

Although the assumptions cited in the previous paragraph caused the 
comparisons between heat-transfer data and theories to be consistent with 
those for skin friction, caution should be exercised in generalizing the 
results beyond the range of variables of this investigation. Turbulent- 
boundary-layer theory that admits changes in the Reynolds analogy factor 
invariably requires a change in the recovery factor. It was found that ignor- 
ing the latter change yielded the best correlation of the present data. Addi- 
tional simultaneous heat-transfer and skin-friction data over a large range of 
surface temperatures are needed to distinguish the individual behavior of the 
Reynolds analogy and recovery factors as Mach number is increased and the 
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walls are highly cooled. Further, an understanding of these effects will 
require careful probing of the boundary layer to establish the distribution of 
quantities such as the turbulent Prandtl number. 


Ames Research Center 

National Aeronautics and Space Administration 

Moffett Field, Calif., 94035, Feb. 18, 1969 
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WALL OF THE AMES 3.5-FOOT WIND TUNNEL 
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(a) Data identification. 
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(b) Comparison of data with theory. 
Figure 1.- Adiabatic -wall skin friction; and R e ,q 


directly measured 
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(a) Data identification* 
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SOMMER AND SHORT 
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(b) Comparison of data with theory* 

Figure 2o- Nonadiabatic-wall skin friction for flat plates; directly 

measured. 
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(a) Data identification. 


FLAT PLATE SIDE WALL 



(b) Comparison of data with theory* 

Figure 3 *~ Temperature -velocity profiles measured in the Ames 3* 5 -Foot Wind 
Tunnel by Hopkins and Keener; nonadiabatic wall. 
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Figure 4 


SYMBOL 

M e 

( R e,e) xl0 ’ 3 

a 

SOURCE 

c 

7.4 

37 

HOPKINS AND KEENER, 
UNPUBLISHED 


7.5 

44 

WALLACE, REF. 23* 

A 

V 

8.6 

6 

WALLACE, REF. 24 

J 


* DATA RECALCULATED WITH A QUADRATIC TEMPERATURE DISTRIBUTION ASSUMED 


(a) Data identification. 
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(b) Comparison, of data with theory. 

- Nonadiabatic -wall skin friction for wind-tunnel walls; and R e q 

directly measured. " ’ 
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Figure 5.- Stanton number -variation with energy -thickness Reynolds number 

•Ames 3 . 5 -Foot Wind Tunnel. 
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(b) Comparison of data with theory; C h /(C f /2) = 1.16 and r = 0.9. 
Figure 6.- Nonadiahatic-wall heat-transfer data; Ames 3-5~Foot Wind Tunnel. 
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Figure 7 .- Reynolds analogy factors measured for a flat plate; Ames 3. 5 -Foot 

Wind Tunnel; r = 0.9* 
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(a) Data identification. 
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(b) Comparison of data with theory; ChA^f/ 2 ) = 1.0 and r =0.9. 
Figure 8.- Nonadiabatic-wall skin-friction and heat -transfer data. 
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